Vocal fold (VF) motion is fundamental to voice production and diagnosis in speech and health sciences. The motion is a consequence of air flow interacting with elastic vocal fold structures. Motivated by existing lumped mass models and known flow properties, we propose to model the continuous shape of vocal fold in motion by the two dimensional compressible Navier-Stokes equations coupled with an elastic damped driven wave equation on the fold cover. In this paper, instead of pursuing a direct two dimensional numerical simulation, we derive reduced quasi-one-dimensional model equations by averaging two dimensional solutions along the flow cross sections. We then analyze the oscillation modes of the linearized system about a flat fold, and found that the fold motion goes through a Hopf bifurcation into temporal oscillation if the flow energy is sufficient to overcome the damping in the fold consistent with the early models. We also analyze the further reduced system under the quasi-steady approximation and compare the resulting vocal fold equation in the small vibration regime with that of the Titze model. Our model shares several qualitative features with the Titze model yet differs in the specific form of energy input from the air flow to the fold. Numerical issues and results of the quasi-onedimensional model system will be presented in part II (view resulting web VF animation at
Introduction
Vocal folds consist of two lips of opposing ligaments and muscle at the top of the trachea and join to the lower vocal tract. When air is expelled at sufficient velocity through this orifice (the glottis) from the lung after a critical lung pressure is achieved, the folds vibrate and act as oscillating valves interrupting the airflow into a series of pulses. These pulses of air flow serve as the excitation source for the vocal tract in all voiced sounds. For background description of vocal folds and speech production, see [4] , [5] , [23] among others. Mathematical modeling of vocal fold motion can help us understand the voiced sound generation and make synthetic machine voice more natural. Such an understanding also helps the medical diagnosis and correction of voice disorders [8] , [15] .
Vocal fold modeling relies on our knowledge of aerodynamics and biomechanics, as the problem is basically airflow through a flexible channel with time-varying cross section. One of the best known models of vocal folds is the two mass model by Ishizaka and Flanagan [8] . The vocal fold is modeled by upper and lower masses (m i , i = 1, 2) connected by an elastic spring and attached to the wall by upper and lower springs with damping. The two mass motion is given by the ODE system:
where r i 's are the damping coefficients; k i 's, k c , are the elastic restoring constants (stiffness coefficients) for the upper, lower and side springs respectively; x i 's are the displacements of two masses from their prephonatory equilibrium positions; F i 's are driving forces acting on the two masses from glottal air pressure. To close the equations and complete the model, simplified assumptions are made to allow a calculation of F i from the fluid flow so that F i = F i (x 1 , x 2 , d i , l i , P s ), where P s is the lung pressure, d i the thickness of m i along the flow direction, l i the length of m i transverse to the flow direction. The flow is assumed to be one dimensional, inviscid, and quasisteady so that
Bernoulli's law can be applied. Moreover, F i and elastic forces k i x i need to be modified empirically when the vocal folds tend to a closure to facilitate a pressure buildup to reopen the folds. In spite of these oversimplifications, the two mass model is able to capture many aspects of oscillation features. Small amplitude oscillation appears as a Hopf bifurcation from a steady state as P s passes a threshold value [9] . More recently, Lucero [12] studied large amplitude oscillations and found coexistence of multiple equilibria and studied their stability and bifurcations. The two mass model has been widely used as a glottal source for speech synthesis, and many improvements and extensions have been made to incorporate additional physics. For example, see [3] for including effects of flow viscosity and flow separation; see [20] , [26] , for works on four and multiple mass models and applications. In [2] , a continuum elastic system under natural boundary condition is used to find intrinsic vibrational eigenmodes of vocal fold tissues.
Though two mass model is already simple looking, the theshold oscillation condition on minimum lung pressure is still implicit analytically. Titze proposed his celebrated body-cover model in 1988 [22] . The model is based on the hypothesis that during fold oscillation, the fold cover (epithelium and superficial layers of vocal ligament) propagates a surface mucosal wave in the direction of the airflow, and the body (deep layer of the vocal ligament and muscle) is stationary. The fold shape is approximated as a straight line connecting the fold entry of height h 1 and the fold exit of height h 2 . Taylor expanding a mucosal wave with constant velocity c, Titze [22] approximated:
where τ = 2L/c the travel time for the mucosal wave to reach exit from entrance, L half length of glottis along the flow direction, h 0 half glottal width, h fold displacement. The fold motion is lumped onto the fold midpoint, and postulated as:
where m, r, and k are the mass, damping, and stiffness of the oscillating portion of the vocal fold about the midpoint, P (x) is the pressure distribution along the flow direction x. Using Bernoulli's law and linear fold shape, [22] showed in particular that for small fold vibration about rectangular fold equilibrium position h 0 :
where P s is the subglottal pressure, and exit pressure is zero. Linearizing (1.4) about h 0 , one has:
from which follows the threshold pressure condition setting the effective damping coefficient to zero:
So the oscillation threshold pressure is proportional to damping constant r, and glottal half width h 0 . Titze model explains in a transparent fashion the formation of oscillation, and provides a very simple onset condition (1.6). It shows how the energy input from the airflow balances the intrinsic fold damping due to theĥ t dependence of the fold driving force P g . The agreement of Titze model and the two mass model is discussed in [22] , [23] . The onset condition (1.6), especially P s, * being linear in r, is also supported by experiments [24] . For results of Titze model on converging and diverging prephonatory fold shapes, large amplitude oscillations, and hysteresis phenomenon at onset-offset, see [24] , [13] , [14] .
In either the two mass model or Titze model, the vocal fold shape is not described as a continuous curve as we see in physical reality, and that the treatment of air flow is rather crude. It is our goal to seek a more accurate and more first principle based model so that these two aspects are much improved. The fluid characteristics of vocal flow during phonation have been noted in [8] , [22] , [23] , [12] , [14] , among others, and also recently studied by Pelorson et al [17] using unsteady-flow measurements and visualization techniques. The flow is essentially two dimensional with Mach number on the order of 10 −1 , and Reynolds number on the order of 10 3 . The flow in the bulk is nearly inviscid except in the viscous boundary layers. Our starting point is the two dimensional compressible isentropic NavierStokes equations for the air flow. Motivated by [8] and [22] , we model the vocal fold as a finite mass elastic tube of cross sectional area A(x, t) with elastic attachments (muscles) onto nearby walls (bones). We shall either take rectangular cross section (length 2L in x, width 2w in z, and variable height 2h in y, then A = 4wh) or an elliptical shaped cross section (with principal axes of lengths 2h in y, and 2w in z). The air flows from x = −L to x = L, symmetric across y = 0, and is independent of z. The purpose of keeping the z dimension is for later reconstruction of a three dimensional picture of fold motion in part II [7] . Assuming that the flow is essentially along x direction, and its variation transverse to the tube is small except in the boundary layers near the folds, we average the flow on each cross section and derive a reduced quasi-one-dimensional system. The motion of fold cover is modeled by a damped driven elastic wave equation, considering the elastic tension on the fold cover and elastic forces in the attached muscles.
The reduced quasi-one-dimensional aerodynamic equations are: • conservation of mass:
ρ air density, u air velocity;
• conservation of momentum:
p air pressure, µ air viscosity.
The force balance on the fold cover gives:
• the dynamic boundary motion:
Here: m is the fold mass density; σ is the longitudinal elastic tension of the fold [6] , [18] ; α is the muscle damping coefficient; β is an elastic modulus modeling the vibration property of the fold in the transverse; S is a cross section shape factor, S = 4w for rectangular cross sections, and S = πw for elliptical cross sections; f m is a prescibed function to model muscle tone so that a particular fold shape A eq (converging or diverging or flat) serves as an equilibrium state. In general, α, β, σ are functions of x, to model the varying stiffness of fold, since the fold cover is stiffer towards x = ±L. We shall write (1.9) into:
wheref m =f m (x) is prescribed forcing.
• The equation of state:
The system (1.7)-(1.11) is closed, and we solve an initial boundary value problem on x ∈ [−L, L] with proper in-flow/out-flow boundary conditions and initial fold shape. We shall consider the inviscid limit of our model by setting µ = 0 and normalize m = 1 while analyzing the oscillation onset in this paper. We shall show via a stability analysis that the linearized system near a flat fold admits (fold cover) waves in A of the form sin(kx − ωt), for k and ω real and nonzero if the glottal airflow has enough energy to overcome fold damping. This is the kind of fold surface mucosal wave hypothesized in Titze model [22] . We also obtain similar onset conditions for small amplitude oscillations due to the occurence of a pair of imaginary eigenvalues, consistent with early models. Under the quasi-steady approximation as in Titze model, we obtain a single fold equation resembling (1.5), the correction term is nonlocal but does depend onĥ t , and it plays the role of transferring aerodynamic energy onto the fold.
We remark that the viscous effect is important when the fold is near closure, or when the fold is diverging enough so that flow separation occurs inside the glottis [22] , [17] , [3] . Our model above has not yet taken this aspect into full consideration. However, since flow separation decreases the pressure (pressure is zero from the point where flow detaches from the fold ) towards the exit x = L, and the fold is relatively stiff there, we can minimize the effect on fold motion by modeling the increasing stiffness of fold near the exit. Our model captures the compressibility of air flow which is critical during the opening of the folds [16] . The viscous effect during the opening or near closure of vocal fold is delicate and requires further modeling, yet we have not found the lack of it to be a major problem in our simulation of the opening and closing of fold motion in part II [7] .
In studying collapsible tubes ( [19] , [11] ) and air flow through duct of spatially varying cross section [25] , it is common to use (1.7) with the one dimensional unsteady Euler equation which is (1.8) with the last three terms omitted. The major differences in the two modeling problems are: (1) a vocal fold is fast oscillatory in time (e.g. 100 -200 Hz), (2) the vocal fold carries mass, and a dynamic (damped driven wave) equation is necessary to describe the fold motion; moreover, the vocal fold has mechanical damping. In contrast, collapsible tubes are massless and damping free [19] . The conservation of mass and momentum in the collapsible tube system is recovered when A t ≪ A and µ → 0. Though in both collapsible tube and vocal flow problems, the flow is close to being incompressible, we opt not to make such an approximation as in [19] . This is because an equation of state has to be determined in lieu of the natural equation of state (1.11) when we consider quasi-one-dimensional reduction. For collapsible tubes, see [19] and [11] , the tube cross section is related to the pressure p by a tube law:
with ρ = constant. The tube law needs experimental measurements and depends also on materials involved. Due to lack of our knowledge of whether such a law exists for vocal fold, we choose to use the natural equation of state for air (1.11) and work with compressible flow equations. It is interesting to investigate how good it is to use the incompressible Navier-Stokes equations for the two dimensional flow as a viable alternative. To rephrase our formulation, the ρ and p are related by the equation of state, the gamma gas law (1.11); then the cross section A is related to p dynamically. The rest of the paper is organized as follows. In section 2, we derive the fluid part of the quasi-one-dimensional system (1.7)-(1.11) from the two dimensional isentropic compressible Navier-Stokes equations by averaging solutions over the flow cross section. In section 3, we perform a linear stability analysis near a flat (rectangular) fold and deduce onset condition for the minimum flow energy to ensure the occurence of a pair of pure imaginary eigenmodes. In section 4, we make the quasi-steady approximation within our model, derive the single equation for the fold cover, obtain an onset condition for small amplitude oscillation, and compare with findings in [22] . Numerical issues, and numerical results will be presented in part II [7] .
Derivation of Reduced Flow Equations
We derive the fluid part of the model system assuming that the fold varies in space and time as A = A(x, t). Consider a two dimensional slightly viscous subsonic air flow in a channel with spatially temporally varying cross section in two space dimensions, where A(x, t) denotes the channel width with a slight abuse of notation, or cross sectional area since the third dimension is uniform. The two dimensional Navier-Stokes equations in differential form are ( [1] , page 147):
• conservation of mass:
where σ is the stress tensor, σ = (σ ij ) = −pδ ij + d ij , and:
µ is the fluid viscosity; Ω(t) is any volume element of the form:
3)
The equation of state is (1.11). The boundary conditions on (ρ, u) are: (1) on the upper and lower boundaries y = ±A(x, t)/2, ρ y = 0, and u = (0, ±A t /2), the velocity no slip boundary condition; (2) at the inlet, u(−L, y, t) = u l , a prescribed inlet velocity, ρ(−L, y, t) = ρ l , a prescribed inlet density (deduced from input pressure); (3) at the outlet, u x (L, y, t) = 0.
We are only concerned with flows that are symmetric in the vertical. For positive but small viscosity, the flows are laminar in the interior of Ω 0 and form viscous boundary layers near the upper and lower edges. The vertically averaged flow quantities are expected to be much less influenced by the boundary layer behavior as long as A(x, t) is much larger than O(µ 1/2 ).
We also ignore effects of possible flow seperation inside Ω 0 when it becomes divergent with large enough opening.
Let us assume that the flow variables obey: 
Let a = x, b = x + δx, δx ≪ 1, t slightly larger than t 0 . We have:
where J(t) is the Jacobian of volume change from a reference time t 0 to t.
Since Ω(t) is now a thin slice, J(t) =
A(t) A(t 0 )
for small δx, and J t = A t (t)/A(t 0 ). The second integral in (2.5) is:
The first integral is simplified using (2.1) as:
We calculate the last integral of (2.7) further as follows:
(ρu 1 )(x + δx, y, t) dy
where we have used the smallness of ρ y to approximate ρ| y=±A/2 by ρ and ρu 1 by ρ · u 1 .
Combining (2.5)-(2.7), (2.8) with:
dividing by δx and sending it to zero, we have:
which is (1.7). Next consider i = 1 in the momentum equation, a = x, b = x + δx. We have similarly with (2.2):
We calculate the integrals of (2.10) below.
where u 1 = 0 on the upper and lower boundaries is used. 12) where the smallness of u 1,y in the interior and small width of boundary layer
Noticing that:
It follows that
Thus the contribution from the left and right boundaries located at x and x + δx is:
l,r l,r
The contribution from the upper and lower boundaries is:
Similarly, (Au 1x ) x = O(δ x µ). We notice that the vertically averaged quantities have little dependence on the viscous boundary layers unless A is on the order O(µ 1/2 ).
Hence the quantities from upper and lower edges in (2.14) and (2.15), and that in (2.12), should balance themselves. Omitting them altogether, and combining remaining terms that involve only u 1 , ρ in the bulk, we end up with (after dividing by δx and sending it to zero):
Simplifying (2.16) with the continuity equation (1.7), we find that: 17) which is (1.8).
Linear Stability Analysis near a Flat Fold
In this section, we discuss the existence of a neutral oscillation mode of the linearized system around a flat fold in the limit µ → 0. Such a mode provides an onset condition of oscillation, see similar analysis for the Titze model in [22] and [14] . It turns out that such a mode exists under a theshold condition for system (1.7)-(1.11) because of the A t u/A term. In our case, it is essential that the derivation originated with the no slip boundary condition on the fold, which allows enough energy of the background flow to transfer to the fold to offset the loss there. This energy transfer mechanism is expounded in Titze [22] in his body-cover model. We show with a stability analysis that our model system supports such a physical picture of flow induced oscillation. We assume that the cross section is rectangular. The system (1.7)-(1.11) admits constant steady states: (u 0 , p 0 , A 0 ), p 0 = κρ γ 0 , satisfying:
where f m is a constant so that A 0 matches the height of the connecting vocal tract. We are interested in conditions leading to the small amplitude oscillations near the constant steady states. This is similar to Titze [22] , where a lumped ODE is proposed and analyzed for the fold center using mucosal wave approximation. However here, we calculate directly from (1.7 )-(1.11), and do not make any further modeling assumptions. Since we have zero background pressure gradient, our results do not compare directly with [22] , though qualitative features remain. Another comparison with [22] is performed in the next section under quasi-steady approximation where small pressure gradient is present. Letting u = u 0 +û, p = p 0 +p, ρ = ρ 0 +ρ, A = A 0 +Â, and linearizing (1.7)-(1.11) with µ = 0, we get:
2)
Equations (3.2)-(3.3) are written as:
Applying the operator ∂ t + u 0 ∂ x on (3.5) and using (3.6), we find:
Differentiating (1.11) gives: p t = κγρ γ−1 ρ t , orp t = κγρ γ−1 0ρt upon linearizing at ρ = ρ 0 . Similarly,p x = κγρ γ−1 0ρx . With these relations, equation (3.7) becomes:
where:
with c being the speed of sound at air density ρ 0 . Applying the operator A 0 Γ(∂ t + u 0 ∂ x ) 2 − A 0 ∂ xx to both sides of (3.4), we get:
, we end up with the following algebraic equation of degree four for λ: 10) or: Proof: Let λ = iη in (3.11), where η is real. The real and imaginary parts give respectively:
and:
For η = 0, α = 0, we have from (3.14):
Now we regard the left hand side of (3.13) as a continuous function of m ′ ,
and: (3.14) , namely, η = 0, and: 
Quasi-steady Approximation and Relations with the Titze Model
The glottal flow is often regarded as nearly quasisteady and inviscid in the bulk [17] , and the Bernoulli's law is adopted as an approximation, [8] , [22] among others. In this approximation, the temporal variation of flow variables is considered much slower than that of the fold motion. Now let us drop the time derivatives, and viscous term in the flow equations to get:
while keeping the fold dynamic equation and the equation of state the same. Our goal is to derive a closed equation for the cross section area A. Integrating (4.1) and (4.2) in x using the equation of state shows:
where P 0 and Q 0 are constants determined by the flow conditions at the inlet x = −L. Note that without the integral term with 
We would obtain a closed equation on A if (4.5) could be solved for ρ in terms of A. Suppose that A undergoes small vibration about a constant state A 0 which satisfies:
then (4.5) can be solved for ρ by perturbation. Letting A = A 0 +Â, ρ = ρ 0 +ρ, we find:
, or:
which means large pressure for given Q 0 and A 0 , then:
Now substituting (4.8) into the fold dynamic A equation, we obtain:
Equation (4.9) can be written as:
Equation (4.11) is a linear wave equation with damping and pumping. This is easy to see from the energy identity. Assuming thatÂ x (±L, t) = 0, we have:
We shall require that:
which is true if ρ 0 is sufficiently large for fixed β, A 0 , and Q 0 . Then (4.12) says that the rate of change of the total energy in time depends on the balance of the natural fold damping (the negative term with prefactor α) and the energy input from the aerodynamic flow (the positive term with prefactor c aero ).
We see from (4.12) that spatially sinusoidal modes like e im ′ x will render L −LÂ t dx = 0, hence they do not sustain lossless temporall oscillations. However, there are lossless oscillatory solutions with monotone spatial profiles.
To show a simple solution of this kind, extend the incoming flow uniformly to −∞ and modify the energy transfer term to simultaneously. When they are above A 0 , the fold is divergent (positive slope along the flow direction); and when they are below A 0 , the fold is convergent (negative slope along the flow direction). However, the two end points are never completely out of phase, i.e, when one is above and the other is below A 0 .
The oscillatory solutions are of very different forms with or without making the quasi-steady approximation, which may underestimate the amount of the energy transfer from air flow onto the vocal fold. Nevertheless, the above spatially monotone solutions under the quasi-steady approximation agree qualitatively with those of the Titze model [22] and shows explicitly the effect of the energy transfer term (
). This term is nonlocal and different from the local term in Titze model [22] , yet is of the same origin and reflects the changing directions of the effective air driving force on open and closing cycles, a key observation of the Titze model.
Both our model and the Titze model capture the positive energy feedback from air flow into the fold motion, though they are not of the same form. Our model has the advantage of a systematic treatment and of characterizing the entire fold shape in the continuum.
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